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Registration - Review



Oliver Kutter - Seminar: Methods & Tools of Medical Imaging - Intensity based Registration July 1, 2004 / - p. 4

Registration - De�nition

Image registration is the process of aligning images so
that corresponding features can easily be related. [1]
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Registration - Classi�cation

Dimensionality 2D-2D, 2D-3D, 3D-3D : : :

Modalities Monomodal: CT-CT MR-MR

Multimodal: CT-MRI, MRI-PET

Transformation rigid, af�ne , projective, deformable

Subject Intersubject: different patients

Intrasubject: same patient

Figure 1: Registration classi®cation scheme
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Registration - Techniques

n Procrustes (talk by Se�ka Elvin Eren 15/06/2004)
n Feature based registration (talk by Stefan Wiesner 22/06/2004)

u Head and hat algorithm
u ICP - Iterative closest point

n Intensity based registration (today)
u Voxel intensity similarity measures
u Information theory based techniques
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Intensity-based Registration
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Overview

Transformation T

compute Optimization 

Interpolation

Initial guess  of T

Intensity based similarity measure

Image/Volume A Image/Volume B

compute T(B)

Figure 2: Registration algorithm scheme
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Overview

n Intensity based measures can be divided into three classes

Only Intensity based Spatial information Histogram based

� Sum of differences � Pattern Intensity � Joint Entropy
� Correlation � Local NCC � Mutual Information

� Gradient difference
� Gradient Correlation



Oliver Kutter - Seminar: Methods & Tools of Medical Imaging - Intensity based Registration July 1, 2004 / - p. 9

Some math

n Registration transformation

T : xB 7! xA , T (xB ) = xA (1)

T , if intensity A(x) at position x is also taken into account

n Images A and B (as mapping of points to intensity values)

A : xA 2 
 A 7! A(xA ) (2)

B : xB 2 
 B 7! B (xB ) (3)

n Overlap Domain


 T
A;B = f xA 2 
 A jT � 1(xA ) 2 
 B g (4)



Oliver Kutter - Seminar: Methods & Tools of Medical Imaging - Intensity based Registration July 1, 2004 / - p. 9

Some math

n Isointensity set of a single image


 a = f xA 2 
 A jA(xA ) = ag (5)

n Isointensity set of A and B within 
 T
A;B


 T
a = f xA 2 
 T

A;B jA(xA ) = ag (6)


 T
b = f xA 2 
 T

A;B jB T (xA ) = bg (7)
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SSD and SAD

SSD - Sum of squared intensity differences

SSD =
1
N

X

x A 2 
 T
A;B

jA(xA ) � B T (xA )j2 (8)

n Optimum measure if images differ only by Gaussian noise
n Widely used for intramodality registration
n Very sensitive to “outlier voxels”

u caused by presence of additional information in one image
u e.g. contrast material, instruments at different positions



Oliver Kutter - Seminar: Methods & Tools of Medical Imaging - Intensity based Registration July 1, 2004 / - p. 10

SSD and SAD

SSD - Sum of squared intensity differences

SSD =
1
N

X

x A 2 
 T
A;B

jA(xA ) � B T (xA )j2 (8)

SAD - Sum of absolute intensity differences

SAD =
1
N

X

x A 2 
 T
A;B

jA(xA ) � B T (xA )j (9)

n much more stable to “outlier voxels” than SSD

SSD and SAD applicable onl y for intramodality registration
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SSD and SAD

Before surgery After surgery

Figure 2: Example for intensity problems with SSD
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Correlation

Normaliz ed Cross Correlation - Correlation Coef®cient

N CC =

P
x A 2 
 T

A;B

�
A (xA ) � �A

�
�
�
B T (xA ) � �B

�

q P
x A 2 
 T

A;B

�
A (xA ) � �A

� 2 �
P

x A 2 
 T
A;B

�
B T (xA ) � �B

� 2
(8)

n Optimum measure if there is a linear relationship between intensity
values in A and B

n Best alignment if maximized
n Applicable in the spatial domain or in the frequency spatial domain
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Intermodality problem

How to register images of the same patient but from diff erent
modalities ?

PET

CT MRI

Figure 3:
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Intermodality problem

For two images from diff erent modalities:

n no more a linear relationship or image difference only by Gaussian
noise

????,

CT MRI
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Information theoretic appr oaches

How is image registration related to inf ormation theor y?

n Image registration , tries to maximize the shared information in A
and B

n If A and T (B ) perfectly aligned , Combined image carries minimal
amount of information

n Registration tries to reduce the inf ormation in the combined
image

n Use a measure of inf ormation as registration metric!
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Shannon Entr opy

H = �
X

i

pi logpi (9)

n H - average information supplied by a set of N symbols with given
probabilities p1; p2; : : : ; pN

n dates back to 1940, developed as part of communication theory

p(
i)

p(
i)

i i
Uniform distribution Any other distribution

! maximum entropy ! less entropy
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Entr opy of images

How to compute the entr opy of an image?

n Consider images A and B to be random variables!

n pA (i ) = probability of a voxel of A having the intensity value i

n pA (i ) and pB (i ) can be estimated from the images histograms

p A
(i

)

p B
(i

)
i = f 0 : : : 255g i = f 0: : : 255g

Figure 4: Image histograms
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Joint Entr opy

n At each voxel location, we have two intensity values representing the
combined image

n Joint Entropy H (A; B )

H (A; B ) = �
X

a

X

b

pT
AB (a;b) logpT

AB (a;b) (10)

n Constraints for the Joint Entropy of A and B :

H (A; B ) � H (A) + H (B ) (13)



Oliver Kutter - Seminar: Methods & Tools of Medical Imaging - Intensity based Registration July 1, 2004 / - p. 16

Joint Entr opy

n At each voxel location, we have two intensity values representing the
combined image

n Joint Entropy H (A; B )

H (A; B ) = �
X

a

X

b

pT
AB (a;b) logpT

AB (a;b) (10)

n Constraints for the Joint Entropy of A and B :

If A and B are completely unrelated

H (A; B ) = H (A) + H (B ) (11)

A and B more similar, less independent ) H (A; B ) gets smaller

H (A; B ) < H (A) + H (B ) (12)

n Constraints for the Joint Entropy of A and B :

H (A; B ) � H (A) + H (B ) (15)
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Joint Entr opy

Joint Entr opy Histograms
A and B identical A and B misaligned

p A
(i

)

p A
B

(i
;j

)

p A
(i

)

p A
B

(i
;j

)

pB (i ) pB (i )
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Joint Entr opy

Characteristics for increasing missregistration:

1. Diagonal features disperse

2. Except at the origin, the
highest intensity pixels gets
less bright

3. Number of low intensity pixels
increases

4. Horizontal and vertical lines
appear if images are
signi�cantly missregistered
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Joint Entr opy - Achilles'heel

H (A; B) = �
X

a

X

b

pT
AB (a;b) logpT

AB (a;b)

n Joint entropy is dependent on T

n pT
AB is very dependent on 
 T

A;B

n pT
AB is also very dependent on the interpolation

algorithm used to transform B T in each iterative step
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Joint Entr opy - Achilles'heel

Overlap problem:

n A change in T may alter the amount of air in 
 T
A;B

n Air region contains noise that tends to occupy lowest value intensity
bins (e.g. a = 0, b = 0), thus changing the amount of air within 
 T

A;B will
change pT

AB (0; 0)

n If air overlap increases, pT
AB (0; 0) will increase, reducing the joint

entropy H (A; B ).
n If air overlap decreases, pT

AB (0; 0) will be reduced, increasing the joint
entropy H (A; B ).

n Any registration algorithm that seeks to minimize joint entropy will tend
to increase the amount of air in 
 T

A;B

n This may result in an incorrect solution
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Overlap problem solution

n Consider not only the joint entropy, but the information contributed to

 T

A;B by each A and B as well

H (A) = �
X

a

pT
A (a) logpT

A (a) (14)

H (B ) = �
X

b

pT
B (b) logpT

B (b) (15)

n The marginal entropies H (A) and H (B ) are not constant during
registration!

n Mutual information measures the joint entropy with respect to the
marginal entropies
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Mutual Information

I (A; B ) = H (A) + H (B ) � H (A; B ) =
X

a

X

b

pT
AB (a;b) log

pT
AB (a;b)

pT
A (a) � pT

B (b)
(16)

n Maximized at optimal alignment
n Measure of how well one image explains the other
n Ideal for multimodal registration, as measure is unaffected by a

permutation of the intensity values of A or B
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Normaliz ed Mutual Information

n Mutual information does not entirely solve the overlap problem
n To solve this problem other normalizations of joint entropy have been

proposed

~I 1(A; B ) =
2I (A; B )

H (A) + H (B )
= 2 �

2H (A; B )
H (A) + H (B )

(17)

~I 2(A; B ) =
H (A) + H (B )

H (A; B )
(18)

n Value between 0: : : 1
n Normalization with image entropies, thus independent of 
 T

A;B
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Interpolation
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Overview

� Medical Images from diff erent sour ces are mostly not of the same
resolution ) need for interpolation of the images
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Overview

� Consider the following example (for simplicity a gray-scale image in
2D) with 400 x 300 Pixel (120000)

50 67

20 30 35

29 40 53

10
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Overview

� If we resize the example 400 %

50

3020

10 ?

?

?

?

� The new image has 1600 x 1200 pixels (1920000)
The missing pixels have to be interpolated
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Overview

In two dimensional case, interpolation can be expressed as:

f (x; y) =
X

k

X

l

f s(xk ; yl ) � h(jx � xk j) � h(jy � yl j) (19)

where h is the interpolation kernel and f s(x; y) the data sample (source
image) itself at a pixel (x; y).
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Nearest Neighbor

n simplest and fastest form of interpolation
n simply picks the pixel v nearest to the requested position and assign

v's intensity value to it.
n suffers from mosaicing effect

The interpolation kernel h is de�ned via

hk(t) =

(
1 if t 2 f� 0:5; 0:5g
0 otherwise

(20)

by
h(x; y) = hk(x)hk(y)
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Nearest Neighbor
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Figure 5: Nearest neighbor interpolation
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Bilinear Interpolation

n assumes that the brightness function is bilinear
n explores the four pixels neighboring the requested pixel.

Interpolation kernel h is de�ned via

hk(t) =

8
><

>:

1 � t if t 2 f 0; 1g
t � 1 if t 2 f� 1; 0g
0 otherwise

(21)

by
h(x; y) = hk(x)hk(y)
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Bicubic Interpolation

� Estimates the properties of a pixel in the destination image by an
average of 16 pixel surrounding the closest corresponding pixel in the
source image.

Interpolation kernel h is de�ned via

hk(t) =

8
><

>:

1 � 2jt j2 + jt j3 if jt j < 1
4 � 8jt j + 5jt j2 � jt j3 if 1 � jt j < 2
0 otherwise

(22)

by
h(x; y) = hk(x)hk(y)
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Trilinear Interpolation

n Trilinear interpolation is the process of linearly interpolating points
within a box (in 3D) with given values at the vertices of the box.

n It's commonly used in interpolation of cells of a volumetric dataset.
n fast and easy to implement

(0,1,1) (1,1,1)

(1,1,0)

(1,0,0)

(1,0,1)

(0,1,0)

(0,0,1)

(0,0,0)

(x,y,z)

Figure 6: Unit cube
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Trilinear Interpolation

The value Vxy z is interpolated by

Vxy z = V000(1 � x)(1 � y)(1 � z)+

V100x(1 � y)(1 � z)+

V010(1 � x)y(1 � z)+

V001(1 � x)(1 � y)z+

V101x(1 � y)z+

V011(1 � x)yz+

V110xy(1 � z)+

V111xyz

(23)



Oliver Kutter - Seminar: Methods & Tools of Medical Imaging - Intensity based Registration July 1, 2004 / - p. 30

Comparison

Original Neighbor

Figure 6: Copyright (c) 1998 the Curator of the University of Missouri
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Comparison

Original Linear

Figure 7: Copyright (c) 1998 the Curator of the University of Missouri
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Comparison

Original Cubic

Figure 8: Copyright (c) 1998 the Curator of the University of Missouri
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Comparison

Original Neighbor

Linear Cubic
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Applications in Medicine
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Alzheimer Disease

Series of MRI images are used to monitor the progression of the
Alzheimer disease.

Figure 9: MRI images of patient suffering from Alzheimer disease
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Alzheimer Disease

MRI and PET images are used to monitor the decay of the brain and its
functionality.

Figure 10: Registered MRI and PET images
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Cancer

Brain Tumor (CT) Brain Tumor (MRI)

Figure 11: Brain Tumor images
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Cancer

Before infusion After infusion

Figure 12: Before and after treatment
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Emergency medicine

Figure 13: Subdural hematoma

n serial images are registered and compared to monitor growth and
decay of hematoma

n if situation becomes peculiar for the patient, the skull has to be opened
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Conc lusion

Intensity-based registration algorithms:

n usable for automatic image registration, need no user interaction like
feature-based registration

n need no prior preprocessing as they operate directly on the data
n Are applicable for multimodality registration
n can be used for non-af�ne registration
n are fast, robust and widely used in image registration
n still a active �eld of research
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The End

Thanks for 45 min. of your time
;-)
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