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Introduction 

This paper focuses on some methods used in the Feature Based Registration, especially in the area of 

medical imaging. First we have a look on how to obtain features in medical data. Afterwards 

algorithms for registering corresponding points, minimizing cost functions, computing distance 

transforms and registering surfaces and “point clouds” are discussed. For all algorithms the rigid case 

is assumed, meaning that no deformation of the objects, considered in the images, takes place. 

Obtaining Features 

Before we can start to register images we need to detect the features, from which we will gain the 

rotation and the translation, which aligns them. We have to differ between extrinsic and intrinsic 

registration methods. In the first case foreign objects, called fiducical markes, are brought into the 

imaged space. This can be markers glued onto the skin or skull, which is non-invasive. A problem is 

the accuracy of the method, because of the deformation of the skin. With markers screwed into the 

bone this problem is avoided, but takes an invasive treatment of the patient with it. One big advantage 

of fiducical markers is, that they keep the registration process easy and fast, because only a few well 

known points have to be aligned. 

 

 
(1) markers glued onto the skull, (2) markers screwed into the bone, (3) a stereotactic frame attached to the 

head. A widly used tool in neurosurgery. 

 

Intrinsic methods obtain the features by the information the patient provides. For example anatomical 

landmarks selected by the doctor. This landmarks can also be detected automaticaly by finding 

curvature extremas, corners or other geometrical properties in the images of the patient. Furthermore 

whole borders, surfaces or volumes can be segmented and than be used for the registration process. 

A disadvantage is, that the accuracy of the registration depends on the accuracy of the segmentation. 



Methods 

1. Corresponding Points Registration 

Two sets { }QP,  of corresponding points are given. Each point is stored in a row of the matrix. The 

problem is to find a rigid transformation which aligns { }iqQ =  and { }ipP = . Therefore the function 
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which computes the squared distances between the point sets, has to be minimized. R is a rotation 

matrix and t  a translation vector. The following algorithm is a very common one to solve this problem. 

First both point sets get demeaned, by subtracting the mean of each point set from every point in the 

set. Thus both have the same center of mass ( )T0,0,0 and the problem reduces to finding the correct 

rotation. The translation is obtained by 

qRpt -= . 

with qp,  being the mean values of the point sets. Now the correlation matrix 

QPK T=  

of the point sets is computed. With the singular value decomposition  

( ) TUDVKsvd =  

the rotation matrix is given by 

TVUR =  

which is the best fit for the least squares problem. 

2. Iterative Estimation Methods 

Iterative estimation methods play a big role when the minimization problem becomes nonlinear. 

Solving this analytical becomes hard or even impossible. One algorithm that handles this problem is 

“Newton’s Method”. 

We want to find a parameter set P  that minimizes a cost function ( )Pg . In the case of 3D rigid 

registration P  is a vector containig 3 rotation and 3 translation parameters. ( )Pg  returns the squared 

distances between two point sets. With the assumptions that ( )Pg  has a well defined minimum and 

that a parameter set 0P reasonably close to the minimum value is known, Taylors approximation of a 

function near 0P  can be used. 
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To find D that minimzes the function, ( )D+0Pg  has to be derived with respect to D and then set to 

zero. 



( ) )(''' 00 PgPg -=D  (2) 

( )Pf  is a measurement vector depending on the paramter set. ( ) ( ) XPfP -=e  is the difference 

vector between model and the data set depending on P . ( ) 2
Pe is the squared distance. This leads 

to the following cost function. 
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( ) eTJPg ='  with ( ) ( ) JPfP == ''e   (4) 

J  is the Jacobian of ( )Pf . 

( ) ( ) ( ) ( ) ( )PPPPPg TT eeee '''''' +=   (5) 

Assuming ( )Pf  is linear the second derivation vanishes and leaves 

( ) ( ) ( ) JJPPPg TT == '''' ee   (6) 

Putting (4) and (6) into (2) yields to the equation 

eTT JJJ -=D  (7) 

 

A very easy method to find a minimum value is the gradient descent. 

( )Pg'-=Dl  

The second derivation is replaced by a scalar value, influencing the step length of the gradient 

descent. With the follwoing iterative method the minimum can be found. 

 

1. make an initial guess D 

2. do 
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4. new_D+D=D  

5. while epsilonnew >D_  

3. Distance Transforms 

A distance transformation is a useful tool to speed up the registration process. The main concept of 

fitting two data sets, is to minimize the distance between both sets. Therefore in each step the 

distance of each data point to the model has to be computed. Now a distance map is introduced, 

which stores for each point in the imaging space the distance to its nearest object point. Calculating 

the distance between the point sets can be done by looking up the distance values in the distance 

map. 

 

A distance transformation is a global problem, because the nearest object for each pixel has to be 

searched in the whole image space. This gets very complex. Therefore we can try to reduce this to a 



local problem, were the distance value of a pixel is computed by the distance values of its neighbours. 

This is called Chamfering. The chamfer distance is only a approximation of the euclidean distance, 

because it produces errors in the directions not covered by the mask. 

 

The algorithm consists of scanning the image in a forward (from top left to bottom right, by moving first 

to the right and than down) and in a backward direction with the masks 

 
forward                             backward 

 

The local distances d1 and d2 in the masks pixels are added to the pixel values in the distance map 

and the new value of the zero pixel is the minimum of the five sums. 

 

Borgefors showed that for values 31=d and 42 =d and dividing the resulting distance map by 3 

reduces the error between the euclidean and chamfer distance to max. 08.03/42 »- . 

 

 
(1)object marked with zeros (2) distance map after forward scan (3) and backward scan 

 

Converting the distance transform to 3D is straight forward. The third dimension has to be added to 

the mask and an additional value 3d , handling the diagonal distance in space, needs to be 

introduced. 

4. “ Head and Hat”  – Algorithm 

The “head and hat” algorithm is a surface matching algorithm. One surface is called the head and is 

fixed in space. It can be represented as a stack of CT or MR discs, an unconnected point set, a 

connected point set describing a mesh or a surface described by some parameters like a b-spline 

surface. The second surface is refered as the hat and is mostly represented as a list of unconnected 

3D points. In the registration process the hat surface is brought to the head surface. As cost function 

the squared distance is used. 

With the different representations of the surfaces the distance between both can be computed in 

different manners. For example, if the head is represented as a triangular mesh, a line containing the 

data point and the centroid of the surface, intersecting a surface triangle, yields to the closest point 

and with that point the distance is calculated. 



5. Iterative Closest Point Registration (ICP) 

The iterative closest point registration is the weapon of choice, if we don’t  know any point 

correspondences, for instance if sampled curves or surfaces get registered. The four steps of the 

algorithm are: 

 

1. Find the closest points 

2. Update the matching 

3. Compute the motion 

4. Apply the motion to the points in the first frame 

5. Iterate till the motion doesn’t change any more. 

 

Find the closest points 

Direct searching results in a complexity of ( )2nO  if each point set consists of n  points For each point 

in the first set, all points in the second are checked. The introduction of kd-trees speeds up the 

searching task. The ‘k’ stands for the dimension, for which the tree is constructed. If points in 3D are 

considered, a 3d-tree is needed. A 3d-tree is constructed with the following algorithm. 

 

1. Cut the space parallel to the yz-plane through a data point, that each side contains 

approximately an equal number of points. We obtain then a left and a right son. 

2. Save the cutting point P and the direction ( 2,1,0 ®®® yxxzyz ) in a node. 

3. Continue with the sons in the same manner and change the cutting planes to xz- and xy-

plane. 

4. If there is no point left for splitting the parallelepiped, the corresponding node is a leaf. 

 

 

 

 

Example of a 2d-tree. (1) the point set and the (2) resulting 2d-tree. 

 

 

 

 



To reduce the propability of finding spurious point pairings, several constraints can be considered. 

One of them is the maximum tolerance for distance. If the distance between two points is greater than 

a certain value IDmax ( with I is the iteration step) the pairing is removed. 

 

The next algorithm uses the kd-tree with root v  to find a list of closest points of a given point x . The 

function ( )vt  returns the direction of the node. U is a list containing all points, which have a distance 

less or equal IDmax . 
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Update the matching 

 

By analyzing the statistics of the distances, the new value of IDmax , can be calculated. Therefore we 

need the mean and sample deviation of the distances of the retained points. 
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The new value of IDmax is set by 

� ;D

� ;�D

D�

� ;� D

D�

� ;�D

D�

I

I

I

I

=

+=

<

+=

<

+=

<

max

max

max

max
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good still ison registrati / the         /3 if else
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good quite ison registrati  the        //           if

 

D   is a constant set by the user. It indicates when the registration between two sets is good. 

Compute the motion 

The motion of a point in space can be computed in several ways. For instance with the rotations 

around the x- y- and z-axis of the coordinate system. Another approach are quaternions representing 



a rotation with an rotation-axis and a scalar rotation value. A whole movement (rotation and 

translation) in space can be represented with dual quaternions, a combination of dual numbers and 

quaternions. 

Depending on what parametrization of the motion is chosen, the cost function to be minimized is 

influenced. 

Applications 

Feature based registration methods can be used everywhere, where images of different modallities 

are fused. One exciting application is the Image guided surgery. 

 

In a preoperative step a 3D model is build on the basis of MR or CT slices. From this 3D model, 

surfaces, used for the registering process, can be extracted. 

 

 

 

Interoperatively laserscanners and video cameras generate a set of 3D points of the skin of the 

patient. 

 

 

The 3D model is than matched with a surface based registering method to the patients pose. Now it is 

possible to provide the doctor video informations of the inside of the patient with out invasive methods. 
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